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p-ADIC INVARIANT INTEGRAL ON Zp ASSOCIATED WITH
THE CHANGHEE’S q-BERNOULLI POLYNOMIALS
J.J. SEO, T.KIM
Abstract. In this paper, we study some properties of Changhee’s q-Bernou
lli polynomials which are derived from p-adic invariant integral on Zp. By
using these properties, we give some interesting identities related to higher-
order q-Bernoulli polynomials.
1. Introduction
Throughout this paper, Zp,Qp,C and Cp will respectively denote the ring of
p-adic integers, the field of p-adic numbers, the complex number field and the
completion of algebraic closure of Qp. Let νp be the normalized exponential
valuation of Cp with |p|p = p
−νp(p)
= 1/p. When one talks of q-extension, q is
variously considered as an indeterminate, a complex number q ∈ C, or a p-adic
number q ∈ Cp. If q ∈ C, one normally assumes |q| < 1. If q ∈ Cp, one normally
assumes |1 − q|p < p
−1/p−1, so that gx = exp(xlogq) for x ∈ Zp. We use the
following notation in this paper:
[x]q = [x : q] =
1− qx
1− q
, (see [8]− [16]).
Note that limq→1 [x]q = x for any x with |x|p ≤ 1 in the present p-adic case. Let
d be a fixed integer and let p be a fixed prime number. We set
Xd = lim←−
N
ZupslopedpNZ, X∗ =
⋃
0<a<dp
(a,p)=1
(a+ dpZp),
a+ dpNZp =
{
x ∈ X |x ≡ a(mod dpN )
}
,
Key words and phrases. Changhee’s q-Bernoulli polynomials, p-adic invariant integral,
higher-order q-Bernoulli polynomials.
.
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where a ∈ Z lies in 0 ≤ a < dpN , (see [1]-[11]). Let UD(Zp) be the space of
uniformly differentiable functions on Zp. For f ∈ UD(Zp), the p-adic invariant
integral on Zp is defined by
I0(f) =
∫
Zp
f(x)dµ0(x) = lim
N→∞
1
pN
pN−1∑
x=0
f(x) =
∫
X
f(x)dµ0(x). (1.1)
Thus, by(1.1), we see
I0(f1) = I0(f) + f
′(0), (1.2)
where f1(x) = f(x+ 1). From (1.2), we can derive
I0(fn) = I0(f) +
n−1∑
i=0
f ′(i), (see [9], [10], [14], [15]) (1.3)
where fn(x) = f(x+ n), f
′(i) = df(x)dx |x=i.
As is well known, the Bernoulli polynomials of order r are defined by the gener-
ating function to be(
t
et − 1
)r
ext =
∞∑
n=0
B(r)n (x)
tn
n!
, (r ∈ Z≥0) (1.4)
In the special case, x = 0, B
(r)
n (0) = B
(r)
n are called the n−th Bernoulli numbers
of order r(see [1]-[16]). By (1.2), we easily set
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
r−times
e(x1+···+xr)t dµ0(x1) · · · dµ0(xr)
=
(
t
et − 1
)r
=
∞∑
n=0
B(r)n
tn
n!
.
(1.5)
From (1.5), we have
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
r−times
(x1 + · · ·+ xr)
n dµ0(x1) · · · dµ0(xr) = B
(r)
n , (n ≥ 0),
(1.6)
and
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
r−times
(x1 + · · ·+ xr + x)
n dµ0(x1) · · · dµ0(xr) = B
(r)
n (x), (n ≥ 0).
(1.7)
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In this paper, we consider Changhee q-Bernoulli number and polynomials which
are derived from multivariate p−adic invariant integral on Zp. and investigate
some properties of Changhee q-Bernoulli polynomials.
2. Changhee q-Bernoulli polynomials
Let a1, a2, · · · , ak, b1, b2, · · · , bk be positive integers. For w ∈ Zp, we consider
the modified Changhee q-Bernoulli polynomials which are derived from multi-
variate p-adic invariant integral on Zp as follows:
B(k)n,q (w|a1, a2, · · · , ak; b1, b2, · · · , bk)
=
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k−times
qb1x1+···+bkxk [w + a1x1 + · · ·+ akxk]
n
q dµ0(x1) · · · dµ0(xk), (2.1)
and
B(k)n,q (a1, a2, · · · , ak; b1, b2, · · · , bk)
=
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k−times
qb1x1+···+bkxk [a1x1 + · · ·+ akxk]
n
q dµ0(x1) · · · dµ0(xk). (2.2)
From (1.1) and(2.1), we have
B(k)n,q (w|a1, a2, · · · , ak; b1, b2, · · · , bk)
=
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k−times
qb1x1+···+bkxk [w + a1x1 + · · ·+ akxk]
n
q dµ0(x1) · · · dµ0(xk)
=
1
(1− q)n
n∑
r=0
(
n
r
)
(−qw)r lim
N→∞
(
1
PN
)k
×
PN−1∑
x1,x2,··· ,xk=0
qra1x1+···+rakxk+b1x1+···+bkxk
=
1
(1− q)n
n∑
r=0
(
n
r
)
(−qw)r
(
log q
q − 1
)k k∏
j=1
(
raj + bj
[raj + bj ]q
)
(2.3)
Therefore, by (2.3), we obtain the following theorem.
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Theorem 2.1. For a1, a2, · · · , ak, b1, b2, · · · , bk ∈ Z≥0 and w ∈ Zp, we have
B(k)n,q(w | a1, a2, · · · , ak; b1, b2, · · · , bk)
=
(
log q
q − 1
)k
1
(1− q)n
n∑
r=0
(
n
r
)
(−qw)r
k∏
j=1
(
raj + bj
[raj + bj]q
)
,
where n ≥ 0, k ≥ 1.
Let us take b1 = 1, b2 = 2, · · · , bk = k. Then, by theorem 2.1, we get
B(k)n,q(w | 1, 1, · · · , 1︸ ︷︷ ︸
k−times
; 1, 2, · · · , k)
=
(
log q
q − 1
)k
1
(1 − q)n
n∑
r=0
(
n
r
)
(−qw)r
k∏
j=1
(
r + j
[r + j]q
)
=
(
log q
q − 1
)k
1
(1 − q)n
n∑
r=0
(
n
r
)
(−qw)r
(
r+k
k
)
(
r+k
k
)
q
k!
[k]q!
,
(2.4)
where
(
r
k
)
q
=
[r]q···[r−k+1]q
[k]q !
, [k]q! = [k]q[k − 1]q · · · [2]q[1]q. Therefore, by (2.4),
we obtain the following corollary.
Corollary 2.2. For n ≥ 0, k ≥ 1, we have
B(k)n,q(w | 1, 1, · · · , 1︸ ︷︷ ︸
k−times
; 1, 2, · · · , k) =
(
log q
q − 1
)k
1
(1− q)n
n∑
r=0
(
n
r
)
(−qw)r
(
r+k
k
)
(
r+k
k
)
q
k!
[k]q!
.
The multiple Barnes’ Bernoulli polynomials are defined by the generating
function to be
k∏
j=1
(
wj
ewjt − 1
)
tkext =
∞∑
n=0
B(k)n (x|w1, · · · , wk)
tn
n!
, (2.5)
where wi > 0, 0 < t < 1 (see [8],[9],[15])). The numbersB
(k)
n (0|w1, w2, · · · , wk) =
B
(k)
n (w1, · · · , wk) are called the Barnes’ Bernoulli numbers of order k. If we take
x = rx, wk = r + k and t = log q in (2.5), then we have
(r + 1) · · · (r + k)
(qr+1 − 1) · · · (qr+k − 1)
qrx =
∞∑
s=0
B(k)s (rx|r + 1, · · · , r + k)
(log q)s
s!
.
Note that
lim
q→1
B(k)n,q(w|a1, a2, · · · , ak; b1, b2, · · · , bk) = B
(k)
n (a1, · · · , ak)
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For k = 1 and w = 0, let Bn,q = B
(1)
n,q(0|1). Then we have
Bn,q = B
(1)
n,q(0|1) =
(
log q
1− q
)
n
∞∑
m=0
qm[m]n−1q − log q
∞∑
m=0
qm[m]nq .
From (2.1), we can derive
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k−times
qb1x1+···+bkxk [a1x1 + · · ·+ akxk]
n
q dµ0(x1) · · · dµ0(xk)
= (q − 1)
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k−times
q(b1−a1)x1+···+(bk−ak)xk
× [a1x1 + · · ·+ akxk]
n+1
q dµ0(x1) · · · dµ0(xk)
+
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k−times
q
∑k
j=1(bj−aj)xj [a1x1 + · · ·+ akxk]
n
q dµ0(x1) · · · dµ0(xk)
= (q − 1)B
(k)
n+1,q(a1, · · · , ak; b1 − a1, · · · , bk − ak)
+B(k)n,q(a1, · · · , ak; b1 − a1, · · · , bk − ak).
(2.6)
Therefore, by (2.6), we obtain the following theorem.
Theorem 2.3. For n ≥ 0, k ≥ 1, we have
B(k)n,q(a1, · · · , ak; b1, · · · , bk) = (q − 1)B
(k)
n+1,q(a1, · · · , ak; b1 − a1, · · · , bk − ak)
+B(k)n,q(a1, · · · , ak; b1 − a1, · · · , bk − ak).
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It is easy to show that
i∑
j=0
(
i
j
)
(q − 1)j
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k−times
[a1x1 + · · · akxk]
n−i+j
q
× qb1x1+·+bkxkdµ0(x1) · · · dµ0(xk)
=
i−1∑
j=0
(
i− 1
j
)
(q − 1)j
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k−times
[a1x1 + · · ·akxk]
n−i+j
q
× q(b1+a1)x1+···+(bk+ak)xkdµ0(x1) · · · dµ0(xk)
=
i−1∑
j=0
(
i− 1
j
)
(q − 1)jB
(k)
n−i+j,q(a1, · · · , ak; b1 + a1, · · · , bk + ak).
(2.7)
Therefore, by (2.7), we obtain the following theorem
Theorem 2.4. For i ≥ 1, n ≥ 0, k ≥ 1, we have
i∑
j=0
(
i
j
)
(q − 1)jB
(k)
n−i+j,q(a1, · · · , ak; b1, · · · , bk)
=
i−1∑
j=0
(
i− 1
j
)
(q − 1)jB
(k)
n−i+j,q(a1, · · · , ak; b1 + a1, · · · , bk + ak).
In the special case, k = 1, we have
n∑
j=0
(
n
j
)
(q − 1)jB
(1)
j,q (a1, b1) =
n∑
j=0
(
n
j
)
(q − 1)j
∫
Zp
[a1x]
j
qq
b1xdµ0(x)
=
∫
Zp
q(na1+b1)xdµ0(x)
=
(
q − 1
log q
)
na1 + b1
[na1 + b1]
.
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From (2.1) and (2.3), we have
B(k)n,q(w|a1, · · · , ak; b1, · · · , bk)
=
(
log q
q − 1
)k
1
(1− q)n
n∑
r=0
(
n
r
)
(−qw)r
k∏
j=1
(
raj + bj
[raj + bj ]q
)
=
n∑
i=0
(
n
i
)
[w]n−iq q
wiB
(k)
i,q (a1, · · · , ak; b1, · · · , bk)
(2.8)
and
B(k)n,q(w|a1, · · · , ak; b1, · · · , bk)
=
∫
Xd
· · ·
∫
Xd︸ ︷︷ ︸
k−times
qb1x1+···+bkxk [a1x1 + · · ·+ akxk]
n
q dµ0(x1) · · · dµ0(xk)
= [l]n−kq
l−1∑
i1,··· ,ik=0
qb1i1+···+bkik
×
∫
Zp
· · ·
∫
Zp︸ ︷︷ ︸
k−times
[
w + a1i1 + · · ·+ akik
l
+ a1x1 + · · ·+ akxk
]n
ql
× qlb1x1+···+lbkxkdµ0(x1) · · · dµ0(xk)
= [l]n−kq
l−1∑
i1,··· ,ik=0
qb1i1+···+bkik
×B
(k)
n,ql
(
w + a1i1 + · · ·+ akik
l
| a1, · · · , ak; b1, · · · , bk
)
(2.9)
(Distribution relation for Changhee q-Bernoulli polynomials) An obvious gener-
ating function Fq(w, t) of B
(k)
n,q(w|a1, · · · , ak; b1, · · · , bk) is obtained from Theo-
rem 2.1 as follows;
Fq(w, t) =
(
log q
q − 1
)k ∞∑
n=0
(q − 1)nB(k)n,q(w|a1, · · · , ak; b1, · · · , bk)
tn
n!
=
(
log q
q − 1
)k
e−t
∞∑
i=0

 k∏
j=1
iaj + bj
[iaj + bj]q

 qwi ti
i!
.
(2.10)
Note that
lim
q→1
Fq(w, t) =
a1a2 · · · akt
k
(ea1t − 1) · · · (eakt − 1)
.
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Differentiating both sides with respect to t in (2.10) and comparing coefficients,
we have
qwB(k)n,q(w|a1, · · · , ak; b1, · · · , bk)−B
(k)
n,q(w|a1, a2, · · · , ak; b1 − a1, · · · , bk − ak)
= (q − 1)B
(k)
n+1,q(w|a1, · · · , ak; b1 − a1, · · · , bk − ak).
(2.11)
It is easy to show that
n∑
i=0
(
n
i
)
(q − 1)iB
(k)
i,q (a1, · · · , ak; b1, · · · , bk) =
(
log q
q − 1
)k k∏
j=1
(
naj + bj
[naj + bj]q
)
.
(2.12)
Therefore, by (2.11) and (2.12), we obtain the following theorem.
Theorem 2.5. For n ≥ 0, k ≥ 1, we have
qwB(k)n,q(w|a1, · · · , ak; b1, · · · , bk)−B
(k)
n,q(w|a1, · · · , ak; b1 − a1, · · · , bk − ak)
= (q − 1)B
(k)
n+1,q(w|a1, · · · , ak; b1 − a1, · · · , bk − ak)
Moreover,
n∑
i=0
(
n
i
)
(q − 1)iB
(k)
i,q (a1, · · · , ak; b1, · · · , bk) =
(
log q
q − 1
)k k∏
j=1
(
naj + bj
[naj + bj ]q
)
Let us assume that a1 = · · · = ak = 1, b1 = h, b2 = h− 1, · · · , bk = h− k + 1,
where h ∈ Z. Then we have
B(k)n,q(w| 1, · · · , 1︸ ︷︷ ︸
k−times
;h, h− 1, · · · , h− k + 1)
=
(
log q
q − 1
)k
1
(1− q)n
n∑
r=0
(
n
r
)
(−qw)r
k∏
j=1
(
r + h− j + 1
[r + h− j + 1]q
)
=
(
log q
q − 1
)k
1
(1− q)n
n∑
r=0
(
n
r
)
(−qw)r
(
r+h
k
)
(
r+h
k
)
q
k!
[k]q!
.
(2.13)
Therefore, by (2.13), we obtain the following theorem.
Theorem 2.6. For n ∈ Z, k ≥ 1, n ≥ 0, we have
B(k)n,q(w|1, 1, · · · , 1;h, h− 1, · · · , h− k + 1)
=
(
log q
q − 1
)k
1
(1 − q)n
n∑
r=0
(
n
r
)
(−qw)r
(
r+h
k
)
(
r+h
k
)
q
k!
[k]q!
.
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Let us use the notation of q-product as follows :
(a; q)n = (1− a)(1− aq) · · · (1− aq
n−1) =
n−1∏
i=0
(1 − aqi). (2.14)
From (2.13), we have
B(k)n,q(w| 1, 1, · · · , 1︸ ︷︷ ︸
k−times
;h, h− 1, · · · , h− k + 1)
= (log q)k
1
(1− q)n
n∑
r=0
(
n
r
)
qwr(−1)r+k
(r + h)k
(qr+h−k+1 : q)k
= (log q)k
1
(1− q)n
n∑
r=0
(
n
r
)
qwr(−1)r+kk!
(
r + h
k
)
×
∞∑
m=0
(
m+ k − 1
m
)
q
qm(r+h−k+1)
= k!(log q)k
1
(1− q)n
∞∑
m=0
(
m+ k − 1
m
)
q
qm(h−k+1)
×
n∑
r=0
(
n
r
)
(−1)r+k
(
r + h
k
)
q(m+w)r.
(2.15)
By (2.15), we get
B(k)n,q(w| 1, 1, · · · , 1︸ ︷︷ ︸
k−times
;h, h− 1, · · · , h− k + 1)
=
(log q)k
(1− q)n
k!
∞∑
m=0
(
m+ k − 1
m
)
qm(h−k+1)
n∑
r=0
(
n
r
)(
r + h
k
)
(−1)r+kq(m+w)r.
(2.16)
Therefore, by (2.16), we obtain the following theorem.
Theorem 2.7. For n ≥ 0, k ≥ 1, we have
B(k)n,q(w|1, 1, · · · , 1;h, h− 1, · · · , h− k + 1)
=
(log q)k
(1− q)m
k!
∞∑
m=0
(
m+ k − 1
m
)
q
qm(h−k+1)
n∑
r=0
(
n
r
)(
r + h
k
)
(−1)r+hq(m+w)r.
(2.17)
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Remark. From (2.15), we can derive
qrB(k)n,q(w + 1| 1, 1, · · · , 1︸ ︷︷ ︸
k−times
;h, h− 1, · · · , h− k + 1)
=
(log q)k
(1− q)n
qh
n∑
j=0
(
n
j
)
q(w+1)j(−1)j+k
(j + h)k
(qj+h; q−1)k
=
(log q)k
(1− q)n
n∑
j=0
(
n
j
)
(−1)j+kqwj ([j + h]q(q − 1) + 1)
(j + h)k
(qj+h; q−1)k
=
(q − 1)(log q)k
(1− q)n
n∑
j=0
(
n
j
)
(−1)j+kqwj
(j + h− 1)k−1
(qj+h−1; q−1)k−1
(j + h)
+
(log q)k
(1− q)n
n∑
j=0
(
n
j
)
(−1)j+kqwj
(j + h)k
(qj+h; q−1)k
= h(1− q) log qB(k−1)n,q (w| 1, 1, · · · , 1︸ ︷︷ ︸
k−times
;h− 1, h− 2, · · · , h− k)
− n log qB
(k−1)
n−1,q(w| 1, 1, · · · , 1︸ ︷︷ ︸
k−times
;h, h− 1, · · · , h− k + 1)
+B(k)n,q(w| 1, 1, · · · , 1︸ ︷︷ ︸
k−times
;h, h− 1, · · · , h− k + 1).
(2.18)
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